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Abstract
An essential parameter of the Classical Nucleation Theory (CNT) is the surface energy between a critical-size nucleus and
the ambient phase, σ. In condensed matter, this parameter cannot be experimentally determined independently of CNT.
A common practice to obtain σ is to assume a model for its temperature-dependence and perform a regression of the
CNT equation against experimental nucleation data. The drawback of this practice is that assuming the temperature-
dependence of σ adds a bias to the analysis. Nonetheless, this practice is common because an analytical solution of the
Classical Nucleation Theory with respect to σ is not possible considering common expressions of this theory. In this
article, a general numerical solution to this problem using the Lambert W function is proposed, tested, and compared
with typical regression methods. The major advantage of the proposed method is that there is no need to assume a
model for the temperature-dependence of σ.
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1. Classical Nucleation Theory
The Classical Nucleation Theory (CNT) formulation
shown in Eq. (1) is based on the work of Gibbs [1] with
further modifications from other authors [2–6]. In this
equation, J is the nucleation rate, J0 is a pre-exponential
factor, D is the effective diffusion coefficient related to the
mobility of the units that participate in the nucleation
process, Z is the Zeldovich factor [5], W ∗ is the work of
formation of a critical-size nucleus, k is the Boltzmann
constant, and T is the absolute temperature.
J = J0DZ exp
(
−W
∗
kT
)
(1)
Some expressions exist for the parameters J0, D, Z,
and W ∗ [7]. These expressions depend on specific con-
siderations about the nucleation process. For instance, if
the critical-size nucleus is considered to be spherical and
isotropic, then
W ∗ =
16piσ3
3∆G2V
,
where σ is the surface energy between the nucleus and
the ambient phase, and ∆GV is the change in the Gibbs
free energy (per unit of volume) when the ambient phase
transforms into the phase of the nucleus [8, 9].
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Eqs. (2) and (3) show two expressions for Eq. (1) found
in the literature [7, 8, 10–12], considering a plethora of
assumptions discussed therein.
J =
√
kTσ
ηλ5
exp
(
− 16piσ
3
3kT∆G2V
)
(2)
J =
16
√
kTσ3
3τ∆G2V λ
6
exp
(
− 16piσ
3
3kT∆G2V
)
(3)
In the previous expressions, η is the shear viscosity of
the ambient phase, λ is the jump distance for diffusion
estimated by the size of the units that diffuse during the
nucleation process, and τ is the time-lag of the nucleation
process.
Eqs. (2) and (3) cannot be solved analytically for σ.
The objective of this short communication is to show how
to solve this kind of problem numerically using the Lam-
bert W function [13].
The domain of Eqs. (2) and (3) is dependent on the
assumptions used to obtain them; here they will be used
only for experimental nucleation rate data above the re-
ported temperature of maximum nucleation. Fortunately,
the method proposed here is general and can also be used
for other expressions of J .
2. Lambert W function
The Lambert W function (also known as the omega
function) is defined as the inverse function of f(z) = z exp(z),
with z being any complex number, thus
z = Wn(z exp(z)) .
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Figure 1: Real values of the W functions computed in the branches
0 and −1.
Table 1: Parameters a, p, b, and q for Eqs. (2) and (3). The param-
eters b and q are the same for both equations.
a p b q
Eq. (2)
√
kT
[
Jηλ5
]−1
1/2 − 16pi
3∆G2V kT
3
Eq. (3) 16
√
kT
[
3J∆G2V τλ
6
]−1
3/2
The W is a multivalued function with n branches, and
one must select an integer n to solve it. Only n = 0 and
−1 produce real results, the only ones of interest to the
problem here, considering there is no physical meaning for
complex values of σ. Figure 1 shows the real values of W
for these two branches.
Eqs. (2) and (3) can be written in the form
aσp exp(bσq) = 1 , (4)
where a, p, b, and q are non-zero parameters that depend
on the nucleation expression in consideration (see Table 1).
A solution of Eq. (4) for σ is
σ =
[
p
bq
Wn
(
bq
p
a−
q
p
)] 1
q
. (5)
With the solution shown in (5), it is possible to solve
expressions (2) and (3) for σ. In fact, any equation that
can be written in the form of (4) can be solved for σ. This
solution may also be used, for example, when dealing with
crystal growth mediated by secondary surface nucleation
(see Ref. [14]). The fact that a solution is possible does
not imply that it is non-complex. In some cases, a real
solution may be impossible.
Considering that σ is expected to increase monotoni-
cally with respect to the temperature in the range where
nucleation data are available [15], the only physically valid
branch of W in this scenario is branch −1.
Several free and commercial numerical programs have
an implementation of the W function. Scipy [16], for in-
Table 2: Crystal nucleation data and properties of interest of
Li2B4O7 [18]. Uncertainty in J , τ , and η is one standard devia-
tion. Uncertainty in J and τ is the standard deviation obtained in
the parameters of the non-linear regression of the Collins–Kashchiev
equation [23, 24] (see [18] for more details). Uncertainty in η is the
confidence band of the shear viscosity regression.
T J × 10−7 τ ∆GV × 10−8 η × 10−9
[K] [m−3 s−1] [s] [J m−3] [Pa s]
773 90(1) 1323(8) −4.20 54(2)
783 64(1) 877(9) −4.15 7.0(2)
793 6.9(1) 140(10) −4.10 1.10(4)
Table 3: Values of σ computed using data from Table 2, considering
λ = 4.86× 10−10 m and uncertainty of 2 K in T . T in K and σ in
J m−2. Values obtained using branch −1 of the LambertW function.
Eq. (2) Eq. (3)
T σ σ
773 0.1621(2) 0.1608(1)
783 0.1649(2) 0.1614(2)
793 0.1697(2) 0.1664(2)
stance, is a free and open-source module for the Python
programming language that has this function built in with
the name lambertW, available in the scipy.special sub-
module. For an iterative approach that can be performed
using a spreadsheet program, see Ref. [17].
3. Test on experimental data
Table 2 shows crystal nucleation data measured in a su-
percooled Li2B4O7 liquid (lithium tetraborate, also known
as lithium diborate), as well as other properties of inter-
est [18]. With these data and the solution shown in Eq. (5),
the value of σ was computed considering the two expres-
sions for J that are common in the literature (Eqs. (2) and
(3)). The results are shown in Table 3. The computed σ
values are within the expected range for this parameter
(0.1 to 0.25 J m−2) [10, 19–22].
4. Comparison with regression methods
Another approach to obtain σ from experimental J(T )
data is via regression. A method popularized by James
[25] consists of linearizing Eq. (2) by plotting ln
(
JηT−1/2
)
versus
[
T∆G2V
]−1, with the underlying assumption that
σ and λ are temperature-independent. With a linear re-
gression of the data in the linearized plot, σ can be ob-
tained from the slope of the regression, which is equal to
−16piσ3[3k]−1, and λ can be obtained from the intercept
of the regression, which is equal to ln
(√
kTσλ−5
)
.
Values of σ = 0.32(1) J m−2 and λ = 1(5)× 10−32 m
were obtained using this method with the data shown in
REFERENCES 3
Table 4: Reported values of J and calculated values of J using dif-
ferent methods. See the text for a description of each method. T in
K and J in m−3 s−1.
J × 10−7
T Reported Method 1 Method 2 Method 3
773 90(1) 110 90 90
783 64(1) 45 64 64
793 6.9(1) 8.1 31 6.9
Table 2. The value of σ is two times higher than the value
obtained using the Lambert W function. The value of λ
is 22 orders of magnitude smaller than what is expected,
which is a discrepancy that is well documented in the lit-
erature [8, 10]. Rarely discussed, however, is the uncer-
tainty in λ when using this method, which is massive for
the dataset investigated here.
As a consistency test, Table 4 shows the computed
value of J when putting the values of σ and λ obtained us-
ing this method back into Eq. (2). The computed value is
shown in the column “Method 1”. The difference between
the reported and the computed value is up to 42 % for the
temperature of 783 K.
A similar approach using Eq. (3) instead of Eq. (2) was
proposed by Weinberg and Zanotto [26], which yields sim-
ilar results (not shown here). One advantage of these two
regression approaches (advanced by James, Weinberg, and
Zanotto) is that no assumption must be made on the value
of λ. However, the resulting uncertainty in λ is enough to
discard this apparent advantage in this case. Moreover, as-
suming σ to be temperature-independent may be a reason-
able approximation only for sufficiently small temperature
ranges.
Another regression approach is to assume some model
for the temperature-dependence of σ and use it to per-
form a non-linear regression of CNT. The expression σ =
2.8× 10−4T − 0.054 is obtained if we consider Eq. (2),
λ = 4.86× 10−10 m, and assume that σ has a linear tem-
perature-dependence. The computed values of J using this
method are shown in the column “Method 2” in Table 4.
The difference between the reported and the computed
value is 78 % for the temperature of 793 K.
Finally, Table 4 also shows the calculated values of J
using the method proposed in this article, column “Method
3”. It is no surprise that these values are equal to the
experimental values because no assumption concerning the
temperature-dependence of σ is necessary to use this new
method; thus it gives the exact value of σ to bring theory
and experiment to an agreement, point by point. The hope
is that with fewer assumptions we can reach new insights
into this problem.
5. Conclusion
An analytical solution for the surface energy may not
be possible depending on the form of Classical Nucleation
Theory that is used. Here I demonstrate a numerical solu-
tion (using the LambertW function) to solve the Classical
Nucleation Theory with respect to the surface energy. The
advantage of this numerical approach, in contrast with pre-
vious methods, is that no assumption on the temperature-
dependence of the surface energy is necessary.
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